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ON ISOMORPHISMS BETWEEN SIEGEL MODULAR THREEFOLDS
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Abstract. The present paper is motivated by Mukai’s “Igusa quartic and Steiner
surfaces”. There he proved that the Satake compactification of the moduli space
of principally polarized abelian surfaces with a level two structure has a degree 8
endomorphism. This compactification can be viewed as a Siegel modular threefold.
The aim of this paper is to show that this result can be extended to other modular
threefolds.
The main tools are Siegel modular forms and Satake compactifications of arithmetic
quotients of the Siegel upper-half space. Indeed, the construction of the degree 8
endomorphism on suitable modular threefolds is done via an isomorphism of graded
rings of modular forms.
By studying the action of the Fricke involution one gets a further extension of the
previous result to other modular threefolds.
The possibility of a similar situation in higher dimensions is discussed at the end of
the paper.
Keywords. Theta functions, Graded rings of modular forms, Siegel modular varieties,
Rationality problems.
Introduction
The Satake compactification of the moduli space of principally polarized abelian va-
rieties with level 2 structure is known to be a quartic hypersurface in P4. It is called
the Igusa quartic. Recently this space has been characterized as a Steiner hyperquartic,
as such it has a degree 8 endomorphism. By means of this characterization the Satake
compactification of the moduli space of principally polarized abelian varieties with Go¨pel
triples is isomorphic to the Igusa quartic [10]. These compactifications can be thought
as Siegel modular threefolds and the latter isomorphism can be given by means of Siegel
modular forms (cf. [1, section 11]).
The aim of this paper is to show that this result can be extended to other modular
threefolds. The construction of a degree 8 endomorphism on suitable Siegel modular
threefolds will be done via an isomorphism of graded rings of Siegel modular forms and
a degree 8 map between two given Siegel modular threefolds.
Set Hg :=
{
τ ∈Mg×g(C) | tτ = τ, Im τ > 0
}
. Since H1 is the upper-half plane of
complex numbers with positive imaginary part, Hg is usually called the Siegel upper-
half space of degree, or genus, g. It is a complex manifold of dimension g(g + 1)/2.
As a generalization of Mo¨bius transformation on the complex plane, preserving the
upper-half plane, the group of integral symplectic matices Γg acts on Hg as follows:
(1) γ · τ = (Aτ +B)(Cτ +D)−1, ∀γ =
(
A B
C D
)
∈ Γg,
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where A, B, C, D are g × g matrices satisfying suitable equations. This block notation
for an element of the integral symplectic group will be used throughout the paper.
Let Γ be a subgroup of finite index in Γg. It still acts on Hg by the same formula (1).
The orbit space Hg/Γ is called an arithmetic quotient of the Siegel upper-half space.
It is smooth if Γ acts freely, and it has at most finite quotient singularities in any
case. Arithmetic quotients of Hg arise naturally in the study of principally polarized
abelian varieties over C of a given dimension. For example the arithmetic quotient of
Hg with respect to the full integral symplectic group is known to be the moduli space of
principally polarized abelian varieties of dimension g.
A singular compactification of these arithmetic quotients is done by means of Siegel
modular forms (cf. section 1.2), whose space can be given the structure of a graded ring.
Roughly speaking Siegel modular forms are holomorphic functions on Hg that behave
nicely under the action of the integral symplectic group or its subgroups. This kind of
compactification is known as Satake compactification.
Let us outline the structure of the paper. First we will consider the rings of Siegel
modular forms (with multiplier) with respect to the following two congruence subgroups
of level 4 of the integral symplectic group:
(2) Γ2(2, 4) = { γ ∈ Γ2 | γ ≡ 14 (mod 2), diag(B) ≡ diag(C) ≡ 0 (mod 4) } ,
and
(3) Γ22(2, 4) = {γ ∈ Γ2 | γ ≡
(
12 ∗
0 12
)
(mod 2), diag(2B) ≡ diag(C) ≡ 0 (mod 4)},
where 1n is the n×n identity matrix and diag(M) denotes the diagonal of the matrix M .
The computation of such rings will led to the interpretation of the degree 8 map
P
3 → P3
[x0, x1, x2, x3] 7→ [x
2
0, x
2
1, x
2
2, x
2
3]
(4)
as a map between the modular varieties related to these two groups:
(5) ψ : Proj(A(Γ2(2, 4))) → Proj(A(Γ
2
2(2, 4))).
This is the part that will give the right degree of the desired self map between some
given modular threefolds. The other part, that is the isomorphism of suitable rings of
modular forms, involves two more groups, namely the level 2 subgroups
Γ0(2) = { γ ∈ Γ2 | C ≡ 0 (mod 2) } ,(6)
Γ00(2) = { γ ∈ Γ2 | C ≡ B ≡ 0 (mod 2) } .(7)
We shall prove that there is indeed an isomorphism
Γ0(2)/Γ
2
2(2, 4)
∼= Γ00(2)/Γ2(2, 4),
equivariant with respect to the action of the groups on the two copies of P3 in (5).
Denoting this group by G we’ll establish the following theorem.
Theorem. For any subgroup H ⊂ G there exists an isomorphism of graded rings of
modular forms
ΦH : A(Γ)→ A(Γ
′),
where Γ2(2, 4) ⊂ Γ ⊂ Γ
0
0(2), Γ
2
2(2, 4) ⊂ Γ
′ ⊂ Γ0(2) and the quotients Γ/Γ2(2, 4) and
Γ′/Γ22(2, 4) are both isomorphic to H.
With a suitable choice of the subgroup H one can actually recover Mukai’s result.
Indeed by the above theorem and the modular interpretation of the map (4) the following
corollary follows.
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Corollary. For any subgroup Γ2(2, 4) ⊂ Γ
′ ⊂ Γ00(2) the modular variety Proj(A(Γ
′)) has
a map of degree 8 onto itself.
The previous corollary turns out to be true also for other modular threefolds. This
will be achieved by means of the action of the Fricke involution
J2 =
1√
2
(
0 12−2 12 0
)
.
The last section of the paper is dedicated to the case of genus three, with a view
toward the situation in higher dimensions. The arguments exploited in genus two do not
generalize directly.
1. Siegel modular varieties
In this section we recall the definition and properties of Siegel modular forms and
modular varieties in order to fix notations. For a survey article on Siegel modular
varieties we refer to [7].
1.1. Congruence subgroups of the integral symplectic group. Set g ∈ N, g > 1.
Let
(8) Sp(2g,R) =
{
γ ∈ M2g×2g(R) | tγJγ = J
}
, where J =
(
0 1g
−1g 0
)
,
be the symplectic group of degree g. The subgroup
Γg := Sp(2g,Z) = Sp(2g,R) ∩M2g×2g(Z)
is called the integral symplectic group of degree g. We will use a standard block notation
for the elements of the integral symplectic group, that is
γ =
(
A B
C D
)
∈ Γg,
where A, B, C, D ∈ Mg×g(Z). With these notations it is easily checked that the blocks
of a symplectic matrix satisfy the relations
(9)

A tB = B tA,
C tD = D tC,
A tD −B tC = 1g
;

tAC = tC A,
tBD = tDB,
tAD − tC B = 1g
.
In the theory of Siegel modular forms the following subgroups of Γg are quite remark-
able. The principal congruence subgroup of level n of Γg (the kernel of reduction modulo
n) is denoted by Γg(n). A subgroup Γ ⊂ Γg such that Γg(n) ⊂ Γ for some n ∈ N is
called a congruence subgroup of level n. Examples of level 2n subgroups are given by
the groups
Γg(n, 2n) = {γ ∈ Γg(n) | diag(
tAC) ≡ diag( tBD) ≡ 0 (mod 2n)}.
For even values of the level there is a simpler description of such subgroups. It is easily
seen that for γ ∈ Γg(2m){
diag( tAC) ≡ diag(C) (mod 4m)
diag( tBD) ≡ diag(B) (mod 4m)
,
hence Γg(2m, 4m) = {γ ∈ Γg(2m) | diag(B) ≡ diag(C) ≡ 0 (mod 4m)}. Furthermore,
for any m ∈ N, Γg(2m, 4m) is a normal subgroup of Γg.
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1.2. Siegel modular forms with multiplier and modular varieties. Throughout
the paper we will study rings of Siegel modular forms with multiplier with respect to
some congruence subgroups of Γg. For a positive integer k, a multiplier system of weight
k/2 for a congruence subgroup Γ is a map v : Γ→ C∗ such that if we define
ϕ : Γ×Hg → C
∗
(γ, τ) 7→ ϕ(γ, τ) := v(γ)det(Cτ +D)k/2,
then it satisfies the cocycle condition
ϕ(γβ, τ) = ϕ(γ, β · τ)ϕ(β, τ)
for all γ, β ∈ Γ and τ ∈ Hg. A multiplier system of integral weight is a character for Γ.
A Siegel modular form of weight k/2 with respect to Γ and the multiplier system v is a
holomorphic function f : Hg → C such that
f(γ · τ) = v(γ)det(Cτ +D)k/2f(τ), ∀γ ∈ Γ.
Equivalently,
f|γ,k/2,v(τ) = f(τ), ∀γ ∈ Γ, ∀τ ∈ Hg,
where
(10) f|γ,k/2,v(τ) = v(γ)−1det(Cτ +D)−k/2f(γ · τ).
Sometimes, to ease notation, the multiplier system and the weight will be omitted in (10).
The set [Γ, k/2, v] of such functions is known to be a finite dimensional vector space. If
v is a multiplier system of weight 1/2, the ring of Siegel modular forms with respect to
the group Γ and the multiplier system v is the graded ring
A(Γ, v) =
⊕
k∈N
[Γ, k/2, vk ].
In addition, A(Γ, v) is known to be a normal integral domain of finite type over C.
The complex projective variety Proj(A(Γ, v)) is called the modular variety associated to
Γ. It contains the arithmetic quotient Hg/Γ as a Zariski open set, so it is natural to
define its compactification as
Hg/Γ = Proj(A(Γ, v)).
This is also known as the Satake compactification of the arithmetic quotient Hg/Γ. This
compactification does not depend on the multiplier system chosen and if we let
A(Γ, v)(d) =
⊕
k≡0 (mod d)
[Γ, k/2, vk ],
then Proj(A(Γ, v)) ∼= Proj(A(Γ, v)(d)).
1.3. Theta constants. Theta constants with characteristics are classical examples of
modular forms with multiplier if we consider their transformation under the action of
suitable congruence subgroups of the integral symplectic group. Given a theta charac-
teristic, that is a column vector m =
[
m′
m′′
]
∈ F2g2 , the theta function with characteristic
ϑm : Hg × C
g → C is defined by the series
ϑm(τ, z) =
∑
n∈Zg
e
(
1
2
t(n+m′/2)τ(n +m′/2) + t(n+m′/2)(z +m′′/2)
)
,
where e(·) = e2pii(·). It is a classical result that such a series defines an holomorphic
function on Hg × C
g (cf. [2]). The theta function is an even (odd) function of z if
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tm′m′′ ≡ 0 (mod 2) (tm′m′′ ≡ 1 (mod 2)), and so the parity of a theta characteristic is
defined as
e(m) = (−1)
tm′m′′ ,
and a theta characteristic
[
m′
m′′
]
is called even if e(m) = 1 and odd if e(m) = −1. There
are 2g−1(2g + 1) even characteristics and 2g−1(2g − 1) odd ones. Evaluating the theta
function at z = 0 we get a holomorphic function on the Siegel upper-half space, not
identically zero if and only if the related theta characteristic is even. These functions
are usually called theta constants and are denoted by
ϑ
[
m′
m′′
]
(τ) = ϑ
[
m′
m′′
]
(τ, 0).
When convenient, we will denote by ϑm the theta constant with characteristicm =
[
m′
m′′
]
.
The integral symplectic group acts not only on the Siegel upper-half space by (1) but
also on the set of theta characteristics. We will see that via these actions the integral
symplectic group acts on theta constants. For γ ∈ Γg the action on theta characteristics
is defined as follows. Let
(11) γ ·
[
m′
m′′
]
=
[(
D −C
−B A
)(
m′
m′′
)
+
(
diag(CtD)
diag(AtB)
)]
(mod 2).
The action defined in this way is neither linear nor transitive. Indeed, the action preserves
the parity of the characteristics.
An important property of theta constants is the classical transformation formula
(cf [9]), namely theta constants with characteristics satisfy the identity
(12) ϑγ·m(γ · τ) = κ(γ)det(Cτ +D)1/2e(ϕm(γ))ϑm(τ),
where κ(γ) is a primitive 8th root of unity depending on γ and
(13) ϕm(γ) = −
1
8
(tm′tBDm′+tm′′tACm′′−2 tm′tBCm′′)+
1
4
t diag(AtB)(Dm′−Cm′′).
An explicit expression is known for suitable powers of κ. For example,
κ(γ)4 = (−1)Tr(
tBC), ∀γ ∈ Γg,(14)
κ(γ)2 = (−1)
Tr
(
A−Ig
2
)
, ∀γ ∈ Γg(2).(15)
The transformation rule for theta constants under the action of an element γ ∈ Γg can
be easily derived from (12). That is
ϑm(γ · τ) = κ(γ)det(Cτ +D)
1/2
e(ϕ γ−1·m(γ))ϑ γ−1·m(τ).
If γ ∈ Γg(4, 8) it is easy to see that γ
−1 ·m = m and e(ϕ γ−1·m(γ)) = 1. Thus, theta
constants with characteristic are modular forms of weight 1/2 with respect to Γg(4, 8)
and the multiplier system vϑ(γ) := κ(γ).
The modular forms we will be mainly interested in are the second order theta con-
stants. For any a ∈ Fg2, define
Θ[a](τ) = ϑ [ a0 ] (2τ).
By the above formula we can immediately deduce the transformation rule for these
functions under the action of an element γ ∈ Γg. For any γ ∈ Γg, let γ˜ ∈ Γg be the
matrix such that 2(γ · τ) = γ˜ · 2τ , namely γ˜ =
(
A 2B
C/2 D
)
. Note that γ˜ ∈ Γg if and only
if C ≡ 0 (mod 2). Therefore we get the following transformation rule:
Θ[a](γ · τ) = κ(γ˜)det(Cτ +D)1/2e(ϕ γ˜−1·[a0 ]
(γ˜))Θ[a′](τ), γ ∈ Γg,0(2),
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where a′ = (γ˜−1 · [ a0 ])′ and Γg,0(2) = {γ ∈ Γg |C ≡ 0 (mod 2)}. Then it is easily seen
that second order theta constants are modular forms of weight 1/2 with respect to the
group Γg(2, 4) and the multiplier system vΘ(γ) = κ(γ˜).
Riemann’s addition formula relates theta constants and second order theta constants(cf.
[2, Appendix II to Chapter II]).
Proposition 1 (Riemann’s addition formula). Given two g-characteristics [ εε′ ],
[
δ
δ′
]
,
for any z, w ∈ Cg and τ ∈ Hg we have
ϑ
[ ε
ε′
]
( τ, z+w2 )ϑ
[
δ
δ′
]
( τ, z−w2 ) =
∑
σ∈Fg
2
ϑ
[
ε+δ
2
−σ
ε′+δ′
]
(2τ, z)ϑ
[
ε−δ
2
+σ
ε′−δ′
]
(2τ, w).
By the above proposition the following well known identities can be derived:
Θ[σ](τ)Θ[σ + ε](τ) =
1
2g
∑
ε′∈Fg
2
(−1)σ
tε′ϑ2
[ ε
ε′
]
(τ),(16)
ϑ2
[ ε
ε′
]
(τ) =
∑
σ∈Fg
2
(−1)σ
tε′Θ[σ](τ)Θ[σ + ε](τ).(17)
A first consequence of these relations is that κ(γ˜)2 = κ(γ)2. Hence the square of vΘ
is a non-trivial multiplier system on Γg(2, 4). Moreover, it also follows that the vector
space of modular forms spanned by {Θ[a]2}a∈Fg
2
coincides with the one spanned by
{ϑ
[
0
b
]2
}b∈Fg
2
. From now on we set the notation ϑb := ϑ
[
0
b
]
.
1.4. Differential forms and vector-valued modular forms. Let (ρ, Vρ) be an irre-
ducible rational representation of GL(g,C) on a finite dimensional complex vector space
Vρ. Let Γ be a congruence subgroup of Γg. A holomorphic function f : Hg → Vρ is called
a vector valued modular form with respect to Γ and the representation ρ if
f|γ,ρ(τ) := ρ(Cτ +D)
−1f(γ · τ) = f(τ), ∀γ ∈ Γ.
The space of such functions will be denoted by [Γ, ρ]. The representation ρ is uniquely
identified by its highest weight (λ1, . . . , λg) ∈ Z
g with λ1 ≥ · · · ≥ λg. The weight of
the vector valued modular form is defined to be equal to λg. Siegel modular forms with
trivial multiplier of section 1.2 are vector valued modular forms with respect to the
representation detk, for a suitable k.
For any complex manifoldX denote by Ωn(X) the sections of the sheaf of holomorphic
differential forms on X of degree n. For a congruence subgroup Γ denote by X0Γ the set
of regular points of Hg/Γ and by X˜Γ a desingularization of Hg/Γ. If N is the dimension
of Hg, by [3] every holomorphic differential form ω ∈ Ω
n(X0Γ) of degree n < N extends
holomorphically to X˜Γ. Moreover, if g ≥ 2 and n < N there is a natural isomorphism
Ωn(X0Γ)
∼= Ωn(Hg)
Γ,
where Ωn(Hg)
Γ is the space of Γ-invariant holomorphic differential forms on Hg of degree
n. For suitable degrees, depending only on g, some of these spaces are known to be trivial.
The non-trivial Γ-invariant holomorphic differential forms have a precise description in
terms of vector-valued modular forms (cf [13]).
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In this paper we will be mainly interested in holomorphic differential forms of degree
N − 1. On Hg, define
dτˇij = ± eij
∧
1≤k≤l≤g
(k,l)6=(i,j)
dτkl; eij =
1 + δij
2
,
where the sign is so chosen that dτˇij∧dτij = eij
∧
1≤k≤l≤g dτkl. Then any ω ∈ Ω
N−1(Hg)Γ
can be written in the form
(18) ω = Tr(f(τ)dτˇ ) =
∑
1≤i,j≤g
fij(τ)dτˇij ,
where
f(γ · τ) = det(Cτ +D)g+1 t(Cτ +D)−1f(τ)(Cτ +D)−1.
Equivalently, f is a vector valued modular form with respect to Γ and the irreducible
representation ρ1 with highest weight (g + 1, . . . , g + 1, g − 1).
2. Isomorphic Siegel modular threefolds with a degree 8 endomorphism
In this section we will focus our attention on the case g = 2. We will show that
many modular threefolds share with the Igusa quartic the property of having a degree 8
endomorphism. To be precise, this is the result of Corollary 4 and Corollary 6. For this
purpose we will construct isomorphism of graded rings of Siegel modular forms giving
isomorphisms of the related modular varieties.
We will be mostly interested in the four second order theta constants in genus 2.
f00 := Θ[0 0], f01 := Θ[0 1], f10 := Θ[1 0], f11 := Θ[1 1].
It is shown in [11] that
(19) A(Γ2(2, 4), vΘ) = C[f00, f01, f10, f11].
Hence the modular threefold associated to this ring is isomorphic to P3.
2.1. Degree 8 map between two different modular threefolds. Any symmetric
2× 2 integer matrix S determines an element γS ∈ Γ2, namely
γS =
(
12 S
0 12
)
.
In particular, if we put
B1 = ( 2 00 0 ) , B2 = (
0 0
0 2 ) , B3 = (
0 1
1 0 ) ,
then the matrices Mi := γBi belong to Γ
2
2(2, 4), and theM
2
i belong to its index 8 normal
subgroup Γ2(2, 4). By taking {M1,M2,M3} as a basis we thus identify Γ
2
2(2, 4)/Γ2(2, 4)
with F32.
We will discuss the action of this group on the second order theta constants fa and
the functions ϑb with a, b ∈ F
2
2, in order to find generators for the ring of modular forms
with respect to Γ22(2, 4) and a suitable multiplier system. First focus on the action of
the matrices Mi on theta constants. From [11, p. 59] we have
ϑ
[
m′
m′′
]
(γS · τ) = ϑ
[
m′
m′′
]
(τ + S) = ε−
tm′(Sm′+2diag(S))ϑ
[
m′
m′′+Sm′+diag(S)
]
(τ),
with ε = 1+i√
2
a primitive 8th root of unity. For the second order theta constants this
gives
Θ[a](γS · τ) = i
taSaΘ[a](τ).
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Thus, for a = (a1, a2) ∈ F
2
2 it follows that
fa(M1 · τ) = (−1)
a1fa(τ),
fa(M2 · τ) = (−1)
a2fa(τ),
fa(M3 · τ) = (−1)
a1a2fa(τ).
So the group Γ22(2, 4)/Γ2(2, 4) acts by changes of sign on fa if a 6= 00. Therefore it acts
trivially on the f2a and also on the ϑ
2
b .
Proposition 2. The ring C[f200, . . . , f
2
11] is equal to the subring AN(Γ
2
2(2, 4), v
2
Θ) ⊂
A(Γ22(2, 4), v
2
Θ) of modular forms with integer weight.
Proof. We have just seen that C[f2a ] ⊂ AN(Γ
2
2(2, 4), v
2
Θ). For the opposite inclusion,
since both rings are integrally closed it is enough to show that they have the same field
of fractions. This is also immediate, because we have already seen that they both have
C(fa) as an extension of degree 8. 
Thus the degree 8 endomorphism of P3 given by [x0, . . . , x3] 7→ [x
2
0, . . . , x
2
3] can be
seen as a map between the two modular varieties
ψ : Proj(A(Γ2(2, 4))) → Proj(A(Γ
2
2(2, 4))).
Here we omit the multipliers since the modular variety is independent of the choice of
the multiplier system.
2.2. Isomorphisms of modular threefolds, the main result. It is easily checked
that the groups Γ22(2, 4) and Γ2(2, 4) are normal subgroups of Γ0(2) and Γ
0
0(2) respectively
(see (6), (7), (9)). Moreover [Γ0(2) : Γ
2
2(2, 4)] = 96 and the quotient group is isomorphic
to the semidirect product F42 ⋉ S3 where S3 is the symmetric group of order 3.
We can construct an isomorphism,
ϕ : Γ0(2)/Γ
2
2(2, 4) → Γ
0
0(2)/Γ2(2, 4),
as follows. For a class γ ∈ Γ0(2)/Γ
2
2(2, 4) we can choose a representative (which we also
call γ) of the form
γ ≡
(
A B
C D
)
=
(
1 0
CA−1 1
) (
A 0
0 tA−1
) (
1 A−1B
0 1
)
.
Define
ϕ(γ) =
(
1 0
CA−1 1
) (
A 0
0 tA−1
) (
1 A−12B
0 1
)
.
Roughly speaking, the map ϕ sends “B” to “2B”. Set
G := Γ0(2)/Γ
2
2(2, 4)
∼= Γ00(2)/Γ2(2, 4).
If S is a symmetric 2×2 matrix with integer coefficients, then from [4, section 2] we know
that Γ0(2) is generated by matrices of the form
tγ2S , γ
′ =
(
A 0
0 tA−1
)
and γS . The classes
of these matrices are then generators for the group Γ0(2)/Γ
2
2(2, 4) and their images under
ϕ are generators for the group Γ00(2)/Γ2(2, 4).
Omitting the weight and the multiplier in the notation of (10), by an easy computation
it follows that
fa
2
|tγ2S
= f2a−diag(S), fa|tγ2S
= fa−diag(S).
fa
2
|γ′ = f
2
Aa, fa|γ′ = fAa,
fa
2
|γS = i
ta2Saf2a , fa|γ2S = i
ta2Safa.
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This shows that via the isomorphism ϕ the action of the group G on the two polynomial
rings is the same and the map fa 7→ f
2
a is an isomorphism of G-modules.
Theorem 3. For any subgroup H ⊂ G there exist two groups Γ, Γ′ such that
Γ2(2, 4) ⊂ Γ ⊂ Γ
0
0(2), Γ
2
2(2, 4) ⊂ Γ
′ ⊂ Γ0(2)
and the quotients Γ/Γ2(2, 4) and Γ
′/Γ22(2, 4) are both isomorphic to H via the map in-
duced by ϕ. It is also induced an isomorphism
ΦH : A(Γ, vΘ)→ AN(Γ
′, v2Θ),
which doubles the weights. If f ∈ [Γ, k/2, vΘ] then ΦH(f) ∈ [Γ
′, k, v2Θ].
As an immediate consequence we have the following corollary:
Corollary 4. For every subgroup Γ such that Γ2(2, 4) ⊂ Γ ⊂ Γ
0
0(2) the projective variety
Proj(A(Γ)) has a map of degree 8 onto itself.
2.2.1. Degree 8 endomorphism of the Igusa quartic. H2/Γ2(2) is the coarse moduli space
of principally polarized abelian surfaces with a level 2 structure. Igusa [8] proved that the
Satake compactification H2/Γ2(2) is a quartic hypersurface in P
4 given by the equation
(x0x1 + x0x2 + x1x2 − x
2
3)
2 − 4x0x1x2(x0 + x1 + x2 + x3 + x4) = 0.
Since Γ2(2, 4) ⊂ Γ2(2) ⊂ Γ
0
0(2), one recovers the result in [10] that the Igusa quartic
has a degree 8 endomorphism as a special case of Corollary 4.
2.2.2. An isomorphism between the Satake compactifications of two moduli spaces of
abelian surfaces. As another application of Theorem 3 we will give a different proof
of the isomorphism between the Igusa quartic and the Satake compactification of the
moduli space of principally polarized abelian surfaces with a Go¨pel structure studied
in [10, 1]. This moduli space is H2/Γ1(2), where
Γ1(2) = { γ ∈ Γ2 | A ≡ D ≡ 12 (mod 2), C ≡ 0 (mod 2) } .
It is readily seen that both Γ2(2)/Γ2(2, 4) and Γ1(2)/Γ
2
2(2, 4) are isomorphic to the group
H generated by M1, M2,
tM1 and
tM2. Therefore the isomorphism ϕH of Theorem 3
induces an isomorphism between H2/Γ2(2) and H2/Γ1(2).
2.3. Action of the Fricke involution. The Fricke involution on Hg is the involution
given by the matrix
J2 =
1√
2
(
0 1g
−2 1g 0
)
∈ Sp(4,R).
The action of the real symplectic group on Hg is defined as in (1), then for τ ∈ Hg we
have that
J2 · τ = −
1
2 τ
.
We are interested in the case g = 2 and the action of J2 on the functions fa with a ∈ F
2
2.
Although formula (11) does not define an action of Sp(2g,R) on theta characteristics, it
is still possible to use the classical transformation formula for theta functions to compute
the action of the matrix J2 on theta constants.
An easy computation shows that fa(J2 · τ) = vΘ(J2)det(τ)
1/2ϑa(τ), where we define
vΘ(J2) to be equal to vϑ(J) with J as in (8). Therefore
(20) fa|J2,1/2,vΘ = ϑa.
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For any γ ∈ Sp(4,R) we write γJ2 for the conjugate J2γJ
−1
2 . Then
(21) γJ2 =
(
D −C/2
−2B A
)
, ∀γ ∈ Γ2.
In particular, if γ ∈ Γ2, then γ
J2 ∈ Γ2 if and only if C ≡ 0 (mod 2).
From (21) we can compute that
Γ22(2, 4)
J2 = Γ22(2, 4) and Γ0(2)
J2 = Γ0(2),
whereas
Γ00(2)
J2 = Γ0(4) := { γ ∈ Γ2 | C ≡ 0 (mod 4) } ,
and
Γ2(2, 4)
J2 =

A ≡ D ≡ 12 (mod 2),
γ ∈ Γ2 s.t. C ≡ 0 (mod 4), diag(C) ≡ 0 (mod 8),
diag(B) ≡ 0 (mod 2)
 .
We can exploit this action to compute the ring of modular forms with respect to the
group Γ2(2, 4)
J2 . From (19) and (20) it follows that
A(Γ2(2, 4)
J2 , vϑ) = C[ϑb].
Moreover, since the f2a are linear combination of the ϑ
2
b and vice-versa, by (16) and (17),
the polynomial ring C[f2a ] = C[ϑ
2
b ] is invariant under the action of the Fricke involution.
Thus, we have another modular interpretation of the endomorphism (4) of P3. Set
G′ := Γ0(4)/Γ2(2, 4)J2 . With the same arguments that led us to Theorem 3, we have an
isomorphism ϕ′ : Γ0(2)/Γ22(2, 4) → Γ0(4)/Γ2(2, 4)
J2 such that via this isomorphism the
action of the group G′ on the rings C[ϑb] and C[ϑ2b ] is the same and the map ϑb 7→ ϑ
2
b is
an isomorphism of G′-modules.
Theorem 5. For any subgroup H ′ ⊂ G′ there exist two groups ∆, ∆′ such that
Γ2(2, 4)
J2 ⊂ ∆ ⊂ Γ0(4), Γ
2
2(2, 4) ⊂ ∆
′ ⊂ Γ0(2),
and the quotients ∆/Γ2(2, 4)
J2 and ∆′/Γ22(2, 4) are both isomorphic to H
′. This isomor-
phism is induced by ϕ′. Therefore it is also induced an isomorphism of graded ring of
modular forms
ΨH′ : A(∆, vϑ)→ AN(∆
′, v2ϑ)
such that if f ∈ [∆, k/2, vϑ] then ΨH′(f) ∈ [∆
′, k, v2ϑ].
Note that since the groups Γ22(2, 4) and Γ0(2) are fixed by the Fricke involution the
set of groups between them is also fixed, but the individual groups need not be.
Corollary 6. For every subgroup ∆ such that Γ2(2, 4)
J2 ⊂ ∆ ⊂ Γ0(4) the projective
variety Proj(A(∆)) has a degree 8 endomorphism.
3. Higher dimensions, the genus 3 case
The arguments of Section 2 do not generalize directly to the genus three case. The
first key point in the genus two case is that there is a map
ψ : H2/Γ2(2, 4)→ H2/Γ22(2, 4)
which is actually the endomorphism of P3 given by [x0, x1, x2, x3] 7→ [x
2
0, x
2
1, x
2
2, x
2
3].
Similar to what we have done in genus two, we define the group
Γ23(2, 4) = {γ ∈ Γ3 | γ ≡
(
12 ∗
0 12
)
(mod 2), diag(2B) ≡ diag(C) ≡ 0 (mod 4)}.
ON ISOMORPHISMS BETWEEN SIEGEL MODULAR THREEFOLDS 11
We will show that both H3/Γ3(2, 4) and H3/Γ23(2, 4) are not unirational, therefore a
map between these two modular varieties is not a map between two projective spaces.
A necessary condition for unirationality is that there are no non-trivial holomorphic
differential forms in any degree. Exploiting the construction of holomorphic differential
forms by means of gradients of odd theta functions introduced in [12], we will show that
Ω5(H3)
Γ3(2,4) and Ω5(H3)
Γ2
3
(2,4) are not trivial.
Given a matrix M = (m1, . . . ,mg−1) ∈ M2g×(g−1) of odd theta characteristics with
mi 6= mj for 1 ≤ i < j ≤ g − 1 define
W (M)(τ) = pi−2g+2 (ψm1(τ) ∧ · · · ∧ ψmg−1(τ))
t(ψm1(τ) ∧ · · · ∧ ψmg−1(τ)),
where ψmi(τ) = gradz θmi(τ, 0), 1 ≤ i ≤ g − 1. The form W (M)(τ) does not vanish
identically because of the non-vanishing of the Jacobian determinant ψm1(τ)∧· · ·∧ψmg(τ)
whenever we deal with distinct odd characteristics mi (cf. [12]). For γ ∈ Γg the following
transformation formula holds:
W (γ ·M)(γ · τ) = χM (γ) det(Cτ +D)
g+1 t(Cτ +D)−1W (M)(τ)(Cτ +D)−1,
where
χM(γ) = κ(γ)
2g−2
e
(
2
∑g−1
i=1 ϕmi(γ)
)
,
with e(t) = e2piit and ϕmi(γ) defined as in (13). Denoting by ρ1 the irreducible repre-
sentation of GL(g,C) with highest weight (g + 1, . . . , g + 1, g − 1) (cf. Section 1.4), it is
easily seen that W (M) is in [Γg(2, 4), ρ1] for g odd while it is in [Γ
∗
g(2, 4), ρ1] for g even,
where Γ∗g(2, 4) :=
{
γ ∈ Γg(2, 4) |κ(γ)
2 = 1
}
.
By means of the description of a holomorphic differential form of degree N−1 in terms
of a suitable vector valued modular form given in formula (18), it follows in particular
that Ω5(H3)
Γ3(2,4) is non-trivial and so H3/Γ3(2, 4) is not unirational. Actually in this
way one can build at least
(
28
2
)
= 378 non-trivial holomorphic differential forms on H3
invariant under the action of Γ3(2, 4), each coming from a W (M) where M is a matrix
of two distinct odd characteristics.
Theorem 7. The space Ω5(H3)
Γ23(2,4) is not trivial and so H3/Γ
2
3(2, 4) is not unirational.
Proof. A way to construct vector valued modular forms that can be used to define holo-
morphic differential forms on H3 invariant under Γ
2
3(2, 4) is to symmetrize suitableW (M)
and check that the resulting vector valued modular form does not vanish identically.
Given M = (m1,m2) ∈M6,2(F2), consider
Φ(M)(τ) =
∑
γ∈Γ2
3
(2,4)/Γ3(2,4)
W (M)|γ,ρ1 (τ)
=
∑
γ∈Γ2
3
(2,4)/Γ3(2,4)
κ(γ)4 e (2ϕn1(γ) + 2ϕn2(γ))W (N)(τ),
(22)
where N = (n1, n2) with ni = γ
−1 ·mi, i = 1, 2. If well defined and not identically zero,
Φ(M) is a vector valued modular form with respect to Γ23(2, 4) and the representation
ρ1 by construction.
From section 1.3 we know that κ(γ)4 = (−1)Tr(
tBC) for γ ∈ Γg. It is easily seen that
a set of generators for the quotient is given by the classes of the matrices M1, . . . ,M6,
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where Mi =
(
13 Bi
0 13
)
and
B1 =
(
2 0 0
0 0 0
0 0 0
)
, B2 =
(
0 0 0
0 2 0
0 0 0
)
, B3 =
(
0 0 0
0 0 0
0 0 2
)
,
B4 =
(
0 1 0
1 0 0
0 0 0
)
, B5 =
(
0 0 1
0 0 0
1 0 0
)
, B6 =
(
0 0 0
0 0 1
0 1 0
)
.
Thus, the sum in (22) is finite and Φ(M) is well defined. Moreover, from the set of
generators we can explicitly construct the group Γ23(2, 4)/Γ3(2, 4) and compute (22)
in order to see if there are choices of the matrix M such that Φ(M) does not vanish
identically.
A direct computation in Mathematica shows that there are only 42 (from the 378 we
started with) choices of the matrix M such that Φ(M)(τ) does not vanish identically,
exactly the ones such that if M =
(
m′1 m
′
2
m′′1 m
′′
2
)
then m′1 = m
′
2. For instance, take
M =
 0 00 01 1
0 0
0 1
1 1
 ,
then
Φ(M)(τ) = 16
4∑
i=1
W (Ni)(τ),
where N1 =M and
N2 =
 0 00 01 1
0 0
1 0
1 1
 , N3 =
 0 00 01 1
1 1
0 1
1 1
 , N4 =
 0 00 01 1
1 1
1 0
1 1
 .

In fact, it is not even possible to construct a map by “squaring coordinates” as in the
genus two case. We will show that the coordinate ring of H3/Γ
2
3(2, 4) is not generated
by squares of elements of the coordinate ring of H3/Γ3(2, 4).
The main difference from the genus two case is that in genus three there is a non-
trivial algebraic relation between second order theta constants. Indeed by [11] we know
that
A(Γ3(2, 4), vΘ) = C[fa]/(R16),
where
R16 = P8(f
2
000, . . . , f
2
111) + q ·Q4(f
2
000, . . . , f
2
111),
with P8 and Q4 polynomials in the f
2
a of degree 8 and 4 respectively and q =
∏
a∈F3
2
fa.
Its expression is simpler in terms of theta constants, namely
R16 = 2
3
∑
m even
ϑ16m (τ)−
( ∑
m even
ϑ8m(τ)
)2
.
One can move from one expression to the other by means of the identities (16) and (17),
recovering in this way the explicit expression of the polynomials P8 and Q4.
It is easily checked that q ∈ A(Γ23(2, 4), v
2
Θ) so this ring contains
R := C[f2a , q]/(P8 + q ·Q4, q
2 =
∏
af
2
a).
By Serre’s criterion [6] it is easy to show that R is normal. Since R is a complete
intersection ring it is Cohen-Macaulay, so all that remains is to verify that it is regular
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in codimension 1, which we do by computer using Macaulay2 [5]. So we conclude that
A(Γ23(2, 4), v
2
Θ) is not generated by squares of elements of A(Γ3(2, 4), v
2
Θ).
In genera higher than three many algebraic relations appear between second order
theta constants, so a possible interpretation of the map that squares the coordinates of
a projective space of suitable dimension would need a deeper analysis. We can see how
the genus two case is peculiar from this point of view, since the principal results of this
paper cannot be generalized directly to higher genera.
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